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Abstract 

This study presents an approximate analytical solution for a fractional-order bacterial growth model by 

applying the Mahgoub–Adomian Decomposition Method (MADM). This technique combines the 

Mahgoub Transform with the classical Adomian decomposition approach to treat nonlinear fractional 

partial differential equations. The model captures the growth behavior of Bacillus subtilis colonies 

expanding on nutrient agar. Fractional derivatives are considered in the Caputo sense to better represent 

the memory-driven diffusion and reaction processes. Numerical results show that this method is 

easy to implement and accurate when applied to fractional partial differential. 

Introduction 

Fractional Calculus is a valuable mathematical extension that generalizes 

differentiation and integration to non-integer (arbitrary real) orders. This led to the creation of 

fractional differential equations (FDEs), which are superior instruments for modelling many 

complex physical phenomena. Currently, FDE theory is a major point of interest for researchers 

because of its diverse and effective applications across fields, including Bioengineering, 

Electrochemical processes, Viscoelasticity, Electromagnetic theory, Circuit Theory, and 

Atmospheric Physics [1-4] 

Levine and Jacob [5] studied the pattern formation in bacterial colonies and they 

delivered the result that the growth and development of bacteria population shows a great 

variety of geometrical shapes. Adler [6] was the first person who obtained bacterial population 

waves in the form of concentric circle. Golding et al. [7] examined the growth of bacteria when 

nutrient supply is limited. Matsushita et. al., [8] showed the growth of bacteria under nutrient 

rich conditions. Many numerical techniques have been introduced to solve the fractional 

reaction diffusion model. Adomian decomposition method [9] is one of the powerful methods 

has been introduced for finding the solution of generalized reaction diffusion model for 

bacterial colony. Salah and Hassan [10] applied Homotopy analysis transform method to find 

the numerical solution of fractional reaction diffusion model. Haidong et.al., [11] used Adams- 

Bashforth method to find the approximate solution of fractional bacterial dependent diseases. 
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Yeolekar et.al., [12] applied Homotopy Pertubation Transform Method to obtain an analytical 

solution of fractional order bacterial disease model. 

Now, the fractional order reaction diffusion equation is given by [10], 

���

��� = ��
�

��
���

��

��
� + ��, 

���

��� = ��
���

��� − ��                               (1) 

with initial condition 

 �(�, 0) = ��(�), 

 �(�, 0) = ��(�), 

where ��, �� are the diffusion coefficients describe the bacterial cell movements and nutrient, 

�(�, �) denotes the density of bacteria projected on plane, �(�, �) the concentration of the 

nutrient, �� is the initial concentration of the nutrient and �� is the density of the initial 

concentration. Eqn. (1) is reaction-diffusion type model which described as the evolution of 

bacterium Bacillus subtilis. This bacterium was grown on the surface of thin agar plates and it 

can be developed in various types of spatial patterns such as rings, disks and spots. Fig. (1) 

shows the Bacterium Bacillus subtilis and Fig. (2) provides the cross section of the Bacterium 

Bacillus subtilis. 

 

      Fig. (1) Bacterium Bacillus subtilis                             Fig. (2) Cross Section of Bacterium Bacillus subtilis 

Bacillus subtilis is a common, Gram-positive, rod-shaped bacterium naturally found in soil and 

vegetation. Christian Gottfried Ehrenberg (a German microscopist) first described this 

bacterium in 1835. He originally named it Vibrio subtilis, likely due to the cells' movement 

(vibration). Ferdinand Julius Cohn (another German botanist and microbiologist) later 

reclassified it and gave it the name Bacillus subtilis in 1872. Cohn is also credited with 
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discovering that B. subtilis can form heat-resistant spores, a finding that helped lead to the 

development of pasteurization.  

The structure of this paper is outlined below. Section 2 establishes the fundamental concepts 

of Fractional Calculus and the Mahgoub Transform. Section 3 details the construction of the 

Mahgoub Adomian Decomposition Method (MADM). Section 4 discusses the numerical 

solutions derived from the proposed mathematical model and Section 5 provides the 

conclusion. 

2. Preliminaries and Notations 

This section presents some important definitions of fractional calculus and Mahgoub transform 

and its properties. 

Definition 2.1: A real function f(t), t > 0 is said to be in the space C�, μ ϵ ℝ if there exists a 

real number p > � such that f(t) = t�f�(t) where f�(t) ϵ C[0, ∞) and it is said to be in the space 

C�
� if and only if f (�) ϵ C�, n ϵ ℕ [13]. 

Definition 2.2: The partial Riemann-Liouville fractional derivative ��
�

 
��  of order � ∈ �, � > 0 

of function �(�, �) ∈ ��, � ≥ −1  is defined as [14] 
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where � − 1 < � < � 

Definition 2.3: The partial Caputo fractional derivative ��
�

 
� of order � ∈ �, � > 0 of function 

�(�, �) is defined as: [15] 
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Definition 2.4: Mahgoub Transform is defined on the set of continuous functions and 

exponential order. We consider functions in the set A defined by [16] 

 � = ��(�): |�(�)| < ��
|�|

∈�  �� � ∈ (−1)� × [0, ∞),
 

� = 1,2; ∈�> 0�   (4) 

where∈�, ∈� may be finite or infinite and the constant P must be finite. 
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Let � ∈ �, then Mahgoub Transform is defined as 

 �[�(�)] = �(�) = � ∫ �(�)������, � ≥ 0,
∞

�
∈�≤ � ≤∈�     (5) 

Theorem 2.5: Let � ∈ ℕ and � > 0 be such that � − 1 < � ≤ � and �(�, �) be the Mahgoub 

Transform of the function �(�, �), then the Mahgoub Transform of partial Caputo fractional 

derivative of �(�, �) of order � is given by [17] 

             �[ � 
�

�
��(�, �)] = ���(�, �) − � �����(�)(�, 0),

���

���

� − 1 < � ≤ �,   � ∈ ℕ             (6) 

3. Construction of Maghoub Adomian Decomposition Method in Fractional Bacterial  

    Growth Model 

In this section, the procedure for solving fractional bacterial growth model (1) with given initial 

conditions have been discussed. 

Applying Mahgoub Transform on both sides of Eqn. (1) as 

              � �
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Using Theorem 2.5, we have 

���{�(�, �)} − ���(�, 0) = � ���
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− ���                                                                          (7) 

Now, using initial conditions and taking inverse Mahgoub Transform in Eqn. (7) 
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1
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Assuming that the solutions, �(�, �), �(�, �) in the form of infinite series given by  

               �(�, �) = � ��(�, �)

�

���
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���

                                                        (9) 

  

Geoscience Journal(1000-8527) || Volume 6 Issue 12 2025 || www.geoscience.ac

PAGE NO: 4



and the nonlinear terms involved in the model ��
��

��
 and �(�, �)�(�, �) are decomposed by 

Adomian polynomials as 

           ��
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                                                                                                                     (10) 
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                                                                                                          (11) 

 where ��, �� are Adomian polynomials and the first three polynomials are given by 
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and  

�� = ����, 

�� = ���� + ���� 

�� = ���� + ���� + ���� 

             ⋮ 

Subject to the initial conditions 

 �(�, 0) = ���� 

            �(�, 0) = 1 

Using Eqns. (9) - (11) in Eqn. (8) we get 

             �� = ���� 

             �� = (2�������� + 1)���� ��

�(���)
 

             �� = (18����
������ + 6�������� + 1)���� ���

�(����)
 

−(3�������� + 1)�����
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             ⋮ 
and 

           �� = 1 
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By substituting values of ��, ��, �� … and ��, ��, �� … in Eqn. (5) gives the approximate 

solution of  �(�, �) and �(�, �) in series form as 

            �(�, �) = �� + �� + �� … 

             �(�, �) = �� + �� +  �� … 

Thus, 

              �(�, �) = ���� + (2�������� + 1)���� ��

�(���)
 +… 

              �(�, �) = 1 − ����
��

Γ(� + 1)
+ (���� − ����)����

���

Γ(2� + 1)
− ⋯ 

4. Numerical Results 

The approximate series solutions for �(�, �) and �(�, �) are computed at selected values of x 

and t for different values of the fractional order � ��� �. Tables 4.1 and 4.2 show the 

approximate solution of Bacterial growth and concentration of nutrients by MADM in case of 

�� = 0.01, � = 1.2, �� = 1 at � = 0.01 for different values of  � ��� �. Figs. 3 and 4 present 

the graphical representation of Bacterial growth and concentration of nutrients by MADM for 

different values of � ��� �. 

Table 4.1: Bacterial growth b (x, t) in case �� = �. ��, � = �. �, �� = � at � = �. ��  

x 
� = �. ��; 
� = �. � 

� = �. �; 
� = �. � 

� = �. �; 
� = �. �� 

� = �. ��; 
� = �. �� 

� = �; 
� = � 

- 0.4 2.319594 1.922237 1.817693 1.674945 1.632940 

- 0.2 1.832410 1.516806 1.429373 1.317219 1.284413 

0 1.446044 1.195981 1.124077 1.035950 1.010290 

0.2 1.140271 0.942486 0.884034 0.814775 0.794682 

0.4 0.898641 0.742411 0.695280 0.640843 0.625094 
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Fig. 3: Numerical solution of Bacterial growth of Eqn. (1) 

Table 4.2: Concentration of nutrient n (x, t) in case �� = �. ��, � = �. �, �� = � 

 at � = �. ��  

x 
� = �. ��; 
� = �. � 

� = �. �; 
� = �. � 

� = �. �; 
� = �. �� 

� = �. ��; 
� = �. �� 

� = �; 
� = � 

-0.4 0.762298 0.792620 0.939888 0.978826 0.983769 

-0.2 0.809068 0.832694 0.952420 0.983309 0.987211 

0 0.847363 0.865808 0.962390 0.986849 0.989927 

0.2 0.878420 0.892842 0.970302 0.989642 0.992068 

0.4 0.903426 0.914718 0.976569 0.991844 0.993755 

 

 

 

 

 

 

 

 

 

  

Fig. 4: Numerical solution of Concentration of Nutrients of Eqn. (1) 

5. Conclusion 

This work investigated a fractional reaction–diffusion model that characterizes the spatial and temporal 

development of Bacillus subtilis colonies. By employing the Mahgoub–Adomian Decomposition 

Method, approximate analytical solutions are derived without resorting to heavy computational 
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schemes. The method demonstrates simplicity, adaptability, and strong potential for solving nonlinear 

fractional partial differential equations encountered in biological and physical systems. These findings 

suggest that MADM is a valuable mathematical tool for modelling real-world processes involving 

anomalous diffusion and memory effects. 
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