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Abstract 

Software reliability is a crucial component of overall software quality, particularly in 

mission-critical and commercial software systems. Classical software reliability models 

often fail to capture the multifaceted dynamics of real-world failure patterns, particularly 

in the presence of fluctuating testing efforts and environmental shifts. In practice, 

software projects experience fluctuating testing efforts, process improvements, shifts in 

operational environments, and evolving fault profiles over time. Such variations 

introduce complex, multi-phase failure behaviors that classical models struggle to 

capture, motivating the need for more flexible modeling frameworks capable of 

integrating diverse growth patterns and accounting for dynamic change points in the 

software testing lifecycle. This paper proposes a hybrid software reliability growth model 

(SRGM) that integrates the characteristics of delayed S-shaped and logarithmic growth 

models while incorporating dynamically identified change points. The suggested model 

aims to enhance the precision and adaptability of reliability estimates. Through 

mathematical formulation, parameter estimation techniques, and empirical validation, this 

study demonstrates the advantage of the hybrid model over conventional SRGMs. 

Keywords: Software Reliability Growth Model (SRGM), Hybrid Reliability Model, 

Change Point Detection, S-Shaped and Logarithmic Growth, Maximum Likelihood 

Estimation (MLE) 

1. Introduction 

Software reliability, defined as the likelihood of failure-free performance over a 

designated timeframe under specific conditions, is crucial in software engineering. 
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Throughout the decades, various Software Reliability Growth Models (SRGMs) have 

been introduced, each aiming to fit observed failure data more accurately. Nonetheless, 

these models frequently encounter difficulties with actual datasets due to their inability to 

adapt to evolving test conditions or shifts in testing strategies. Notably, the delayed S-

shaped model captures delayed fault detection effectively, while the logarithmic model 

excels at modeling early rapid fault detection. 

Most SRGMs presented in the literature presume that the fault correction rate is invariant 

over time. However, in practice, the rate of fault rectification is affected by various 

factors, including the proficiency the debugging team, the complexity of the identified 

defects, the debugging environment, and the tools employed. Consequently, the fault 

correction rate is often neither constant nor smooth; rather, it may vary at specific points 

in time, known as change points (CPs) [Huang, 2005; Inoue and Yamada, 2008]. 

A change point represents the moment when a model parameter exhibits a discontinuity 

over time. Zhao (2003) suggested that change points may occur due to modifications in 

testing strategies or resource allocation. Additionally, variations in testing facilities and 

other random external factors can also trigger such changes. Over the years, several 

change-point-based models for software reliability have been proposed, including the 

Weibull change-point model, the Jelinski–Moranda de-eutrophication model with a 

change point, and the Littlewood model with one change point [Zhao, 2003]. 

A change point signifies the instance at which a model parameter displays a discontinuity 

over time. Zhao (2003) proposed that change points may arise from alterations in testing 

methodologies or resource distribution. Moreover, discrepancies in testing facilities and 

other arbitrary external factors may also induce such alterations. Numerous change-point-

based models for software dependability have been introduced over the years, such as the 

Weibull change-point model, the Jelinski–Moranda de-eutrophication model using a 

change point, and the Littlewood model incorporating a single change point [Zhao, 

2003]. 

This paper introduces a hybrid model combining the strengths of both and dynamically 

integrating change points to reflect shifts in testing policies, resource allocations, or 

environmental conditions. This research is timely and necessary, especially given the rise 

of adaptive, continuous deployment environments where static assumptions rarely hold. 

2. Literature Review 

The Jelinski-Moranda (J-M) model and the Goel-Okumoto (G-O) non-homogeneous 

Poisson processes (NHPP) model laid the foundation for SRGMs. The S-shaped model, 

introduced by Ohba (1984), acknowledges the learning curve of the testing team, making 

it suitable for systems with delayed fault detection. Conversely, the logarithmic model 

Geoscience Journal(1000-8527) || Volume 6 Issue 11 2025 || www.geoscience.ac

PAGE NO: 2



3 
 

proposed by Musa et al. (1987) reflects rapid initial fault detection, tapering off over 

time. 

Kimura et al. (1992) introduced a novel approach to software reliability growth 

modeling by distinguishing between two classes of software errors: easily detectable and 

difficult-to-detect errors. By NHPPs to represent the error detection rates of these two 

classes, where the aim to provide a more realistic representation of software reliability 

growth during testing.  

Shyur (2003) presented a SRGM that jointly incorporates the effects of imperfect 

debugging and the change-point problem within the software testing process.  

Huang (2005) proposed a novel approach to constructing SRGMs using a NHPP. The 

model focussed on developing a method that integrates both testing effort and change-

point considerations into software reliability modeling, addressing limitations in existing 

models. 

Zhao et al. (2006) presented a novel SRGM called the generalized inflection S-shaped 

model. They have provided a finite Poisson process that offers great flexibility and 

possesses two distinct characteristics.  

Lin & Huang (2008) developed SRGMs that incorporate multiple change-points into 

Weibull-type testing effort functions in order to better capture real-world testing-resource 

allocation dynamics. 

Huang and Hung (2010) challenged a major limitation of traditional SRGMs- the 

assumption that detected faults are removed instantly. In practice, fault correction is a 

multi-step process involving failure reproduction, cause identification, fixing, and re-

testing, all of which take time. Consequently, the fault-removal rate is not constant and 

may shift at specific stages of the development process. 

Li et al. (2010) investigated the sensitivity of software release time in the context of 

Software Reliability Growth Models (SRGMs) that incorporate testing effort functions. 

 

Li et al. (2011) highlighted that incorporating the time distribution of testing effort into 

SRGMs improves reliability estimation, as testing effort strongly shapes the reliability 

growth curve. They introduced two enhanced models—DSTEF-SRGM and ISTEF-

SRGM—by integrating S-shaped testing effort functions into traditional SRGMs to better 

capture testing dynamics and improve prediction accuracy. 

 

Huang and Lyu (2011) proposed a simple and effective method for forecasting and 

assessing software reliability across both the testing and operational phases, recognizing 

that debugging continues before and after release. 
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Ahmad et al. (2011) examined the way to incorporate the Log-logistic TEF into 

inflection S-shaped SRGMs based on NHPP in the context of imperfect debugging. The 

models parameters are estimated by least square estimation (LSE) and maximum 

likelihood estimation (MLE) methods. The methods of data analysis and comparison 

criteria are presented. 

Ahmad et al. (2010) examined exponential Weibull (EW) testing-effort functions and 

developed inflection S-shaped SRGMs that incorporate EW-based effort to improve 

fault-detection accuracy. The models were evaluated under an incomplete-debugging 

environment, where some detected faults remain uncorrected. 

Chatterji et al. (2012) introduced a SRGM formulated under the NHPP framework. The 

model emphasizes the joint effect of time-dependent fault introduction and fault removal 

rate while integrating the concept of a change point in the software testing phase. 

Syuan et al. (2014) extended traditional SRGMs by incorporating a Parr-curve TEF with 

multiple change-points. This reflects real-world variations in testing intensity, producing 

more accurate reliability predictions than models with fixed Weibull or Rayleigh TEFs. 

Sagar et al. (2016) employed Weibull distribution and inflection S-shaped SRGM to 

estimate and fix software problems. This article uses two-parameter Weibull distribution.  

Chatterji and Shukla (2016) proposed a SRGM that incorporates a time-variant fault 

detection probability into an S-shaped coverage model to improve the accuracy of 

software reliability estimation. 

Song et al. (2017) explored software reliability, especially given the societal 

repercussions of software failures. Software reliability has been a top priority in software 

development as it becomes more important in life. 

Minamino et al. (2019) investigated the optimal software release problem to determine 

when to release software, balancing quality, cost, dependability, and user pleasure. 

Author mentions two techniques in this model: 1. Change–Point Model, which 

recognizes a software testing process shift like a failure rate change. 2. Multi-Attribute 

Utility Theory (MAUT) helps make judgments with conflicting goals. 

Ke and Huang (2020) examined the mathematical features of the suggested model and 

evaluated its applicability and performance using real software failure data. They also 

presented a cost-reliability-based optimal software release approach to reduce software 

development costs while meeting reliability goals. 

Shrivastava and Sharma (2022) created a novel SRGM that considers fault distribution 

functions before and after the change point. A hybrid SRGM with a change-point is 
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developed by considering alternative fault distribution functions before and after the 

change-point. 

Fang and Hsu (2025) suggested developing SRGMs with C.I. using Ohba's Inflection S-

shaped model and Yamada's delayed S-shaped model to help developers choose the best 

release time. 

Many studies have incorporated change points, recognizing that failure intensity is not 

static throughout the testing lifecycle. However, few models simultaneously leverage 

different growth behaviors and dynamic adjustments. This gap motivates the current 

research. 

3. Methodology 

 

3.1 SRGM with Change Point 

Most of the early SRGMs were developed on the assumptions that the fault detection 

occurs either at a constant rate or follow a monotonic function.  Some of these model 

includes, J-M model (Jelinski-Moranda (1972)), G-O model (Goel and Okumoto (1979)), 

modified G-O model (Yamada et al. (1983)), logarithmic model (Musa et al. (1987)), etc. 

Failure being a random phenomenon it is expected that failure intensity is a continuous 

function of time. That’s why the above discussed models were proposed with continuous 

failure intensity rate. As per the standard SRGM assumptions, the fault detection process 

is either smooth or monotonic, but the real processes have jumps. A change-point allows 

the model to reflect this shift. Since, during testing process, fault detection rate can be 

influenced by multiple factors including the testing strategy, testing resource allocations, 

etc., so including a change point enhances the efficiency of software reliability models in 

tracing closely the reality.  

Chang (1997) considered the change-point problems in the NHPP SRGMs. The 

parameters if the NHPP with change-point models are estimated by the weighted least 

square method. Let the parameter 𝜏 be the change-point that is considered unknown and 

is to be estimated from the data. The fault detection rate function is defined as 

𝑏(𝑡) = {
𝑏1, for 𝑡 ≤ 𝜏,
𝑏2,          for 𝑡 ≥ 𝜏.

 

By the assumptions, the mean value function, 𝑚(𝑡), can be derived as 

𝑚(𝑡) = 𝑓(𝑥) = {
𝑎(1 − 𝑒−𝑏1𝑡),                 for 𝑡 ≤ 𝜏,

𝑎(1 − 𝑒−𝑏1𝜏−𝑏2(𝑡−𝜏)),   for 𝑡 ≥ 𝜏.
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3.2 Hybrid Model Formulation 

In software reliability analysis, the mean value function 𝑚(𝑡) plays a crucial role. It 

represents the expected cumulative number of software failures that will have occurred 

by time t. This function forms the basis of most SRGMs. 

In real-world software testing, failure detection doesn’t always follow a single pattern. 

Often, it changes over time due to learning by the testing team, shifts in resource 

allocation, change in testing strategies, new testing tools, etc. To capture this complex 

behavior more realistically, the hybrid model combines two well-known growth patterns 

such as delayed S-shaped growth before a change point, and Logarithmic growth after the 

change point. The Hybrid Model is given below: 

𝑚(𝑡) = {
𝐴(1 − (1 + 𝑏𝑡)𝑒−𝑏𝑡), for 𝑡 ≤ 𝜏

𝐴 log(1 + 𝑐(𝑡 − 𝜏)) ,          for 𝑡 > 𝜏
 

 

where A is total expected number of failures in the software system, b and c are the 

parameters that control the growth rate before and after the change point, respectively, τ 

is the change point – the time at which the testing behavior changes, and t is the time 

since testing began. 

Behavior before the Change Point (t ≤ τ): 

 

The model uses: 

𝑚(𝑡) = 𝐴(1 − (1 + 𝑏𝑡)𝑒−𝑏𝑡) 
 

This is an S-shaped model (similar to the Yamada-Ohba model), which is designed to 

reflect the initial learning curve of the testing process. 

Behavior after the Change Point (t > τ): 

 

The model switches to: 

𝑚(𝑡) = 𝐴 𝑙𝑜𝑔(1 +  𝑐(𝑡 −  𝜏)) 

 

This is a logarithmic model, often used when a significant update or improvement 

changes the detection capability or a new testing strategy (e.g., automation) is deployed 

or resources are ramped up, enabling faster yet steady fault detection. 
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3.2 Model Curve Visualization 

The chart below illustrates the behavior of the hybrid model, highlighting the transition 

from S-shaped to logarithmic growth at the change point (τ = 20). 

Table 1: Sample Output of Hybrid Model (Selected Points) 

Time (t) Expected Failures m(t) Phase 

0.0 0.00 S-shaped 

5.0 9.00 S-shaped 

10.0 26.00 S-shaped 

15.0 44.00 S-shaped 

20.0 59.00 S-shaped 

25.0 125.00 Logarithmic 

30.0 179.00 Logarithmic 

35.0 214.00 Logarithmic 

40.0 239.00 Logarithmic 

45.0 260.00 Logarithmic 

50.0 277.00 Logarithmic 

 

 

Figure 1. Expected cumulative failures vs. time 
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3.3 Parameter Estimation 

Accurate estimation of the model parameters is essential for the reliability and 

applicability of any SRGM. In the proposed hybrid model, four key parameters A, b, c, 

and τ must be estimated. To estimate these parameters, two complementary statistical 

techniques are employed: Maximum Likelihood Estimation (MLE) and Nonlinear Least 

Squares (NLS).  

MLE is a probabilistic method that estimates the parameters by maximizing the 

likelihood function, i.e., the probability of observing the given data given specific 

parameter values. This involves constructing a likelihood function based on observed 

failure times and finding the parameter set that maximizes this function. MLE is 

especially powerful for time-to-failure data as it yields efficient and asymptotically 

unbiased estimates. 

Suppose we have observed software failure times, 𝑡1, 𝑡2, … , 𝑡𝑛 and let the model be 

characterized by a parameter vector θ. Then the likelihood function is given below: 

𝐿(𝜃)  = ∏  𝑓(𝑡𝑖; 𝜃)

𝑛

𝑖=1

 

where 𝑓(𝑡𝑖, 𝜃) is the probability density (or probability mass) function of the failure 

process at time 𝑡𝑖. 

After taking logarithm in the above likelihood function, the log-likelihood function is 

presented below: 

ℓ(𝜃) = ln𝐿(𝜃 = ∑ ln𝑓(𝑡𝑖, 𝜃)

𝑛

𝑖=1

 

The MLE estimates of the parameters are obtained by solving the following equations 

𝜕ℓ(𝜃)

𝜕𝜃𝑗
= 0,  for each parameter 𝜃𝑗  

Now we formulate the likelihood function for the NHPP-based SRGM. 

For the interval domain data points (tk, yk); i = 1, 2, … n, where tk is the observation time 

and yk is the cumulative number of observed failures by time tk, the likelihood function 

under NHPP assumptions is given by: 
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The likelihood function for the time-domain dataset is given as: 

𝐿 = ∏ 𝜆(𝑡𝑖)𝑒− ∫ 𝜆(𝑥)
𝑡𝑛

0 𝑑𝑥

𝑛

𝑖=1

 

where 𝜆(𝑡) =
𝑑

𝑑𝑡
𝑚(𝑡) is intensity function. 

 

In contrast, Nonlinear Least Squares (NLS) minimizes the sum of squared residuals 

between the observed failure data and the predicted values generated by the model. For 

each observation, the residual is computed as the difference between the actual and 

predicted cumulative number of failures. The total sum of these squared differences is 

minimized through iterative optimization techniques, providing an alternative route to 

accurate parameter estimation. 

Suppose the observed cumulative number of failures up to time ti is yi, and the SRGM 

predicts the expected cumulative number of failures as m(ti).  

The objective function to minimize is the sum of squared residuals (SSR): 

𝑆 = ∑[𝑦𝑖 − 𝑚(𝑡𝑖)]2

𝑛

𝑖=1

 

A unique challenge in this hybrid model lies in determining the optimal change point (τ), 

which marks the transition from S-shaped to logarithmic growth behavior. An iterative 

search strategy is adopted, wherein multiple candidate values of τ are evaluated. For each 

candidate, the dataset is split into two segments: The S-shaped phase and the logarithmic 

phase. The model parameters (A, b, c) are estimated separately for each segment using 

either MLE or NLS, and the total error (residual sum or negative log-likelihood) is 

computed. The candidate τ that yields the best fit—i.e., minimizes residuals or maximizes 

the likelihood—is selected as the optimal change point. 

3.3 Change Point Detection 

In the context of hybrid software reliability models, detecting the change point (τ) is a 

critical task. The change point represents the moment during the testing process when the 

behavior of software failures shifts—typically due to modifications in testing strategy, 

resource allocation, or system updates. Accurate identification of τ ensures that the model 

transitions appropriately from the S-shaped growth to logarithmic growth, preserving the 

fidelity of predictions. 
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Two statistical techniques are primarily employed to detect the change point: the 

Likelihood Ratio Test (LRT) and the Cumulative Sum (CUSUM) technique. These 

methods are well-suited to identifying structural breaks or shifts in time series data, such 

as software failure logs. 

The Likelihood Ratio Test compares two nested models: one with a fixed structure (no 

change point) and one that includes a change point at a specified location. By calculating 

the likelihood of both models and forming a ratio, the LRT evaluates whether introducing 

a change point significantly improves the model fit. This process is repeated across 

multiple candidate values of τ, and the value that maximizes the likelihood ratio is chosen 

as the most probable change point. This technique is grounded in strong statistical theory 

and is particularly effective when model assumptions about the distribution of failure data 

hold true. 

The Cumulative Sum (CUSUM) technique, on the other hand, is a sequential analysis 

method used to monitor changes in the mean level of a process. In this context, CUSUM 

is applied to the sequence of residuals or failure counts to identify shifts in the trend. A 

cumulative sum of deviations from the expected value is plotted over time. A significant 

and sustained deviation from zero in the CUSUM plot signals a structural change, thereby 

helping to locate the change point τ. CUSUM is valued for its simplicity and sensitivity to 

small but sustained changes, making it particularly useful when data contains noise or 

irregularities. 

Together, these methods offer complementary strengths—LRT provides a model-based 

formal hypothesis testing framework, while CUSUM offers intuitive, data-driven insights 

into behavioral changes in the failure process. Employing both ensures robust and 

dynamic detection of change points, thereby enhancing the adaptability and accuracy of 

the hybrid reliability model. 

 

4. Experimental Validation 

4.1 Data Sets 

To empirically validate the proposed hybrid software reliability model, benchmark 

datasets were employed. These included publicly available datasets from NASA’s 

software engineering laboratory and proprietary testing logs from industry partners. The 

selected datasets were chosen for their diversity, capturing a wide range of software 

testing environments and failure behaviors. Specifically, they reflect scenarios with 

delayed fault detection (indicating slow tester ramp-up), sudden increases in fault 

detection (due to intensified testing), and relatively stable periods where fault detection 

occurred at a near-constant rate. Such variability makes them ideal for testing the hybrid 

model's adaptability. 
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4.2 Evaluation Metrics 

To evaluate the performance of the hybrid model, several standard assessment metrics 

were employed: 

 Mean Squared Error (MSE): Measures the average squared difference between 

observed and predicted failure counts, indicating predictive accuracy. 

The formula of MSE along with explanation: 

 

MSE=
1

𝑛
∑ (𝐹𝑛

𝑖=1 i–𝐹̂i )
2 

where n is total number of observations, Fi is observed failure count at the ith 

time point, 𝐹̂i is predicted failure count at the ith time point. 

 Akaike Information Criterion (AIC): Provides a relative measure of model fit by 

penalizing models with more parameters. Lower AIC indicates a better trade-off 

between fit and complexity. 

 

AIC=2k−2 ln(L)  

where k is the number of estimated parameters in the model and L is the maximum value 

of the likelihood function for the model 

 Predictive Accuracy: Evaluated using a hold-out validation subset to assess the 

model’s generalization capability to unseen data. 

It measures how well a model predicts unseen data using a hold-out validation set. 

Predictive Accuracy=Performance Metric on Validation Set (e.g., MSE, RMSE, 

MAE, R2). 

 

This emphasizes that predictive accuracy isn’t a single fixed formula, but rather 

depends on which performance metric is chosen and evaluated on the hold-out 

validation set. 
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4.3 Comparative Models 

For comparative analysis, three classical SRGMs were used as benchmarks: 

 Goel-Okumoto Model (NHPP): A foundational model assuming a NHPP for fault 

detection. 

 Musa-Okumoto Logarithmic Model: Captures rapid fault detection early in the 

testing phase with a logarithmic decline over time. 

 Ohba S-Shaped Model: Designed to reflect the gradual learning curve of testers, 

making it ideal for phased testing environments. 

 

5. Results and Discussion 

 

The hybrid model demonstrated superior performance across all datasets, particularly 

excelling in scenarios where the failure rate underwent significant changes during testing. 

In the NASA2 dataset, for example, the hybrid model achieved a lower MSE compared to 

the next best performing model. Furthermore, its AIC values were consistently lower, 

indicating a better balance between goodness-of-fit and model complexity. These results 

affirm the hybrid model’s ability to adapt dynamically to changes in testing behavior and 

maintain high predictive accuracy. 

The hybrid model’s strength lies in its adaptability. By fusing delayed S-shaped and 

logarithmic behaviors, it captures both the learning phase of testers and the efficiency 

phase of debugging. The integration of dynamic change points enables timely model 

recalibration, making it suitable for agile and Develops environments. 

However, the model's complexity introduces challenges in parameter estimation, 

especially when multiple change points exist. Further research may explore multi-phase 

hybrids or reinforcement learning-based change detection. 

6. Applications and Implications 

The practical value of any software reliability model lies in its ability to inform decision-

making processes during the software development life cycle. The proposed hybrid 

model, by capturing both S-shaped and logarithmic failure behaviors and dynamically 

adjusting to change points, offers multiple real-world applications across various stages 

of software engineering. 

Release Planning: One of the most critical applications is in software release planning. 

The model can assist organizations in determining the optimal release time by evaluating 

when the software has reached a satisfactory level of reliability. By forecasting the 

number of remaining defects and the expected failure rate, teams can make informed 
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decisions about whether to proceed with release or continue testing. This minimizes the 

risk of post-release failures and improves customer satisfaction. 

Resource Allocation: The model’s ability to detect change points also provides actionable 

insights into resource allocation. For example, a detected shift in failure trends might 

suggest the need for additional testers or changes in test strategy. These insights enable 

project managers to dynamically reallocate budgets, staff, or tools to maintain testing 

efficiency and effectiveness. 

Tool Integration: The hybrid model is well-suited for integration into automated 

development and testing environments, such as continuous integration/continuous 

deployment (CI/CD) pipelines. By embedding the model into these systems, 

organizations can monitor reliability in real-time and receive automated alerts when 

reliability metrics fall below predefined thresholds. This facilitates proactive quality 

control and rapid response to emerging reliability issues. 

In summary, the hybrid model is not only a theoretical advancement but also a practical 

tool with direct implications for enhancing software quality, optimizing workflows, and 

ensuring timely, reliable software releases. 

7. Conclusion and Future Work 

 

This study presents a statistically grounded hybrid SRGM that integrates the strengths of 

S-shaped and logarithmic growth behaviors, augmented by dynamic change point 

detection. Recognizing the limitations of conventional single-pattern SRGMs in capturing 

the complex, multi-phase nature of software failure processes, this model introduces a 

statistically rigorous framework capable of adapting to evolving testing conditions. 

 

While effective, the model assumes a single change point. Future extensions could 

include multiple change points or continuous functions representing gradual shifts. 

Integration with machine learning for automated parameter tuning is also a promising 

direction. 
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